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A spectral problem studied by Roy Chowdhury and Swapna Roy is discussed 
and the corresponding Hamiltonian structure is obtained. 

In a recent publication, Roy Chowdhury and Swapna Roy (1986) 
discussed two spectral problems. They wanted to get the Hamil tonian 
structures for these two hierarchies, but they did not accomplish this, because 
what they called the Hamil tonian operators are not even skew-symmetric. 
What they did was to obtain the evolution equations related to the spectral 
problems by the well-known AKNS procedure and put them into new forms 
by means of  Tu's  method. The designation of "Hamil tonian  structures" 
seems inappropriate for their discussion. 

Two spectral problems were discussed by Roy Chowdhury and Swapna 
Roy (1986). It is worthwhile to point out that the first problem, i.e., 

yx = y 
q iX - r 

was studied by Giachetti and Johnson (1984) and more details can be found 
in a recent paper  by Tu (1988). In this paper,  I consider the second problem. 

One word on the presentation. I do not start from the basic concepts, 
such as Hamiltonian operators,  etc. For a review of these concepts see Olver 
(1986) or Antonowicz and Fordy (1990). 

The spectral problem under consideration reads 

[-iA + r Aq ] 
4'x = ~b (1) 

L P iA - r 
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For  conven ience  I cons ider  the fol lowing equivalent  p rob lem:  

I - i A 2 + r  hq  ] 
tPx = l_ hp iA 2 - r ~p =- U~p (2) 

In o rder  to derive the isospectral  flows, I first solve the equat ion  

V x = [ U ,  V] (3) 

where  

and  

:o] 
a ~ - i  = aiA , b : ~ bi A - i ,  c -~  ~ ci A - i  

i>_o i>~o i>~o 

A s t ra ight forward  calcula t ion leads to the fol lowing equat ions:  

am,x = qc,n+ l - pb,,+ l 

bm,x = 2rbm - 2qam+l - 2ibm+2 (4) 

cm, x = -2rcm + 2pa,,+l + 2iCm+2 

We can solve (4) recursively and  obtain  ai, hi, ci; we have 

bo = Co = 0, a0 = a (const)  

al = O, bl = aq, cl = ap  

b2 = e2 = O, a2 = a q p / 2 i  

b 3 = a ( 2 r q + i q 2 p - q x ) / 2 i ,  c 3 = a ( 2 r p + p x + i p 2 q ) / 2 i ,  a 3 = 0  

b 4 = c 4 = 0 ,  a 4 = - a [ 4 r p q + 3 i p ~ q Z / 2 + ( q p ) x - Z p q x ] / 4 ,  b4= c 4 = 0  

a2k+l = b2k = C2k : O, k = O, 1 , . . .  

In order  to show that  all a~, b;, ei are po lynomia l s  o f  r, q, p and  their  
x der ivat ions,  I use a s imple  l e m m a  o f  Tu (1988). 

Lernma.  Let U and V be two matr ix  funct ions  and  let (3) be satisfied. 
Then  (det  V)x = 0. 

Now,  by  the l e m m a  we have  that  (det)~ = ( - a  2 - bc)~ = 0, i.e., a2+ be = 

const.  Therefore ,  we have  

n - - 1  

( bic,_l + aia,_i)  -= - a o a , ,  n > 0  
i = l  



Hamiltonian Structures 249 

From the above equation one can see that the a.  are polynomials in 
a~, bi, c~ with i < n. At this point one can easily see that the statement follows 
from relation (4) and induction. 

Now, according to the zero-curvature representation, 

U , - P . . x + [ U , P . ] = O  (5) 

where P.=--(AnV)+ =- Vn+ V._IA+ ' ' .  + VoA ~. 
Explicitly, (5) leads to the following system of equations: 

rt = a . . . .  q, = b . -1 .~ -2rb~- t  +2qa . ,  p, = Cn_l .x+2rc ._1-2pa .  (6) 

bn.x = 2rb.,  c..x = - 2 r c . ,  a.,~ = qc.+l - p b . + l  (7) 

Here we take n = 2k, and (4) shows that (7) are identities. We see that the 
even flow is the consistent one. At this stage, if we were to rewrite (6) in 
the form of  a matrix, it is easy to see that the matrix operator obtained 
in this way would not be skew-symmetric. Therefore, we do not do this. In 
order to obtain the relevant Hamiltonian operator, the relation (4) should 
be used. 

By means of (4), the evolution equations read 

P t 2i 0 jkb.+1 

Because B is a constant skew-symmetric operator,  it is self-evident that 
B is a Hamiltonian operator. 

Now I prove that (2a. ,  C.+a, b.+~) r is a gradient of  some functional. 
Several approaches are available for this. The easiest and most elegant is 
the so-called trace-identity method developed by Tu (1986). 

I take (x, y) = Tr(xy),  and U and V satisfies equation (3). Then, accord- 
ing to the result of  Tu (1986), W = A~V, which is again a solution of (3); 
it holds that 

~ / ~u,( W, 0 U/a; , )  = O/ aa ( IV, 0 U /  aui) (9) 

Substitution of W = h ~V into (9) leads to 

~5/ 8u,( V, 0 U/OA ) = (h-~(0/Oh)h'~)( V, O/Ou,) (10) 

where, in the present case, u~ =r ,  u2=q,  u3=p.  
Next, I calculate the quantities needed in (10), 

(V, OU/OA) = -4 iAa  + b e + cq (11) 

(V, 0 U/Or) = 2a (12) 

(V, OU/Oq) = Ac (13) 

( V, ,9 U / a p )  = ;tb (14) 
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Thus, the trace identity (10) gives the following equation: 

(6/6r, 8/6q, 6 /Sp)r( -4 ian+l  + bnp + c,q) = ( - n  + 1 + o-)(2ao_l, cn, bn) 
(15) 

In order to determine the value of o-, let m = 1; it is easy to see that cr = 0. 
Now we can rewrite equation (8) in the following Hamiltonian form: 

o (16) 
2i 0 /\ I-Io/ap/ 

w h e re /4 .  = ( -4 ia . - .2+bn+lp+cn+lq) / ( -n )  and we take n =2k. 
The first nontrivial flow in this hierarchy (16) reads as follows: 

r, = - i a (qp )x  

q, = c e ( - 2 q r -  iq 2p + qx) 

p, = a ( - 2 p r  + ip2 q - Px) 

I conclude this paper with a few remarks. 

Remark (i). In general, the matrix spectral problem ~bx = U~b relates 
to bi-Hamiltonian structures. As a matter of fact, Fordy (1990) calculated 
three Hamiltonian operators for the case U = A2tr3+ AP+ Q, where 

s cr3=(~ ?I)' p=(U Vu) ' Q=(f :s) 
But in the present reduction, only the second Hamiltonian operator survives. 

Remark (ii). Roy Chowdhury and Swapna Roy (1986) pointed out that 
a coupled equation proposed by Novikov (1981) takes (1) as the spectral 
problem. In fact, by a simple scaling, that equation is equivalent to the 
mathematical disperse water wave equation. This observation suggests that 
the equation is tri-Hamiltonian. It appears that (1) should be related to 
tri-Hamiltonian structures. In general this is not the case and it might he 
true for some special equations in (16). 
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